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_INTRODUCTION:

This report presents a mathematical procedure designed to identify
the difference between two similar sets’.of data used in statistical
analysis. It was developed specifically ‘to h°1p solve detection prob-
lems currently faced by the ASW (Anti-Submarine Warfare) community.

The procedure applies to data whose statistical parameters, such as

the means and variances, 3ask essential information like transients

or possibly target signal levels imbedded in background noise.
Transient information in this report implies that there is a2 large dis-
placement of a very small percentage of the data.

In this procedure, the variability in the data is isolated and
defined by making a comparison of the statistics of a density function .
from one time interval to the next. This is acccmplished primarily by
the manipulation of the d1fferences between several higher order
moments. The analysis presented herein indicates that the important
factors in this comparison are the mumbér of data observations that
have been shifted in time relative to a2 reference density function and
the effective amplitude. The effective amplitude will be defined as a
displacement that will replace the effect of the shift of several
observations that are associated with the transient. This type of com-
putation can be referred to as a mathematical "glimpse' of an approxima-
tion of the variation in a density function over time.

SUMMARY OF RESULTS

The report considers the problem of extracting transient informa-
tion, that is, the effective amplitude, from large quantities of
ambient noise data without examining each data sample. The effective
amplitude is generally not extractable from statistical parameters
such as the mean and the variance.

The task -of finding the effective amplitude is accomplished by
identifying the important factors that describe the difference between
two similar density functions derived from data with overlapping time
intervals. This difference is dependent on the effective amplitude
and the associated data samples within this transient. The effective
amplitude is then evaluated by the manipulation of the differences
found among higher order moments. The knowledge of its value enzbles
the computation of the number of data samples associated with the
transient. Therefore, it is shown that knowledge of the factors
describing this difference will enable the removal of transient informa-
tion from large quantities of data without the necessity of examining
each data sample.

CONCLUSIONS

The major conclusions drawn from this amalysis are stated here:

R
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1. This development will enable the removal of transient
information from large quantities of data without the necessity of
examining each data sample,

2. This mathematical development is applicable to ccean
ambient noise data since these statistics display temporal fluctuation.
The properties cf the technique that apply are: . -

a. The requirement of highly calibrated measurement
equipment is greatly reduced since the analysis employs differeuces *
which exist among means, variances, and higher order moments:

b. The information derived from the analysis consists of
the effective amplitude and the associated number of data samples that
change over intervals of time.

c. Application of the mathematical techniques presented
herein is directly applicable to the changing pattern of differences
among higher order moments of an ambient noise plus signal distribution
in a fieléd of sonobuoys tvesulting from the effects of a traversing
target. Therefore, this procedure affords a conceptual approach to
the detection of submarines.

3. A by-product of this analysis yields the interrelations of
the moments between two similar histograms.

4. The knowledge of the effective amplitude and its associated
number of data samples can be used as a measure for determining the
temporal fluctuation between two similar histograms.

ii
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DISCUSSION

I. Background

Ocean ambient noise is one of the least understood of the basic
parameters required to effectively model acoustic detection. Ore of
the difficulties in describing this phenomenon is that the statistical
characteristics are from a nonstationary process, that is, the
statistical properties are time dependent, as observed in
references (a) and (b). This effect can be attributed to at least two
factors - shipping in the ocean environment, and envirommental changes
in the ocean. Therefore, the means and variances of the resulting
distribution from these data are not always adequate for describing
central tendencies and variabilities.

Additional information contained within the data can be unmasked by
considering the higher order normalized moments. For example, informa-
tion about the shape of the distribution can be obtained from the
knowledge of the third and fourth moments. Also, as observed in refer-
ence (b}, when a transient condition exists in the data, the higher order
moments become very large.

The purpose of this report is to introduce the development of a
mathematical technique that may be applied to removing some of the
difficulties in describing ambient noise. -More important is the
potential application of this mathematical development in extracting
transient information from large quantities of ambient noise data without
examining each data sample.

I1I. Methodology

This analysis is based on. the premise that when the comparison is
made between two similar density functions with overlapping time inter-
vals, the resulting differerces of the means, variances, and higher order
moments will reflect this change. These differences are more noticeable
as tiae moments become higher. The procedure developed will decompose the
change into the effective amplitude and the associated number of samples.
Thus, the analysis determines whether the change or shift in the deunsity
function is due to.a transient condition or a small amplitude with a
large number of samples, or some combination conditions between these
two extremes.

The basic.equations used in this development will be the sample
mean, M
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i 3s a mumning index from 1 to N
and N is the mmber of data samples

X3 is the varidte in the data.

zad the equation for the ath aceent about the mean is
N

z n
r -' i (xl_u)
n = ——————

N
where n is the order of the moment

If a 3is egual to 2, then up is the variance defined by the symbol 2.

ITE. A=z2iysis Development -
%. Introduction

This anzlysis shows in detail how the mean and variance are
aitered by the shift of one of the variates of a given data set. This
3is followsd by a geometric interpretation of the shifted variance equa-
tiom which is then modified to include the condition of having more
thzn one shifted data szmple. The final equations describing the shift
of the 3rd znd 4th moments will be presented, leaving the details for
the zppendix. Manipulation of the shifted variance equation and of the
3rd and 4tah eoment equaticns will lead to the solution for expressions
cf the effective zmplitude and the associated number of data points that
were shifted. :

N

B. Shifted Mean

The analysis begins by defining for an arbitrary distribution *
a reference mean, pp
N
z X3 .
R R R B

N S (1
N N :

In a short interval of time one of these abservations,. XN_;47 shifts
AX-j+1 units while the other samples maintain their original values.
This new observation is equal to AN_j+y = X};_j +1 * AN-je1-

JE TR SN i
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The statistics of the arbitrary distribution become altered
due to the variate/XN-j,j.A new mean, yuy, of the altered arbitrary
distribution equals

N
gxi x1+x2+"'+'xn-j+1+"’+xn
By = = @
. R N
. =,x1 +X,+ .. xN_le + AN-j+1 .o ¥ Xy
) N
) xl + Xz + ... F XN-j+1 +o... F XN ) AN_j+1
N N
_ : - Mg
B, = B+ w5 where u, N (3)

Thus, the new mean of the altered distribution equals the reference
mean py, plus the shift of the mean, By

C. Shifted Variance

. 2
The reference variance, o, equals

(Ky-np)2

o~ 2

(4)

2 _ -
g “=nu,_ =
T 2r N

The new variance, oaz, of the altered arbitrary distribution
due to the shifted variate,th_j+1, equals

1 N

o=t Kymug)? ' ()
1

Q
N
i

1 2 2 , 22
N [(xl"llr'llA) + (XZ'UT‘UA) + ... F (XN"j"'l.‘AN"j"'l-ur'-uA) +

ceu * (XN-ur-uA)zl

A e It T e b - ST T ey
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2 2
rX1+ur —ZuA' xl'l'z;,ruA-y-p,A

* 2y a7 P T Avger * A

2 2 ) 2
NCo- g Xy *uo- ZuA Xty L7 N )

o+

N ) N
LT -2, X +u) ZXi 2u, u N N2
2 _ 1 i AT A
0,° = - ZuA + ¥
N N N N
(20 501 - » - 1) + A2 ]
%1 TP 7 R Aggan Y A

N

The first term of this expression for ¢,? is the raference

variance ur? since

e

N

z (xi-”r)z
2 _1 2 | .
op SFIG - X e ) N
The second two terms equal zero since

N

? gy u, N
-2 LI S S 24, u_+ 2y u, =0

A N N A'r T A
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The third and final term becomes the difference between two squares,
since

y 2 2
2501 "V " PG P Avegar | 2Noga T MdPoga Mg
N N
(R oy -+ 2 - ¢ -u)?
_Bga ¥t Ara XN-j41 " Ma
: N
Thus, the final equation for the shifted variance is:
- 2 2
Xy = —u_ + - ) - Ky i - ny)

N

The variance for the altered arbitrary distribution equals the reference

variance plus the shift of the mean and the term that is the difference
between two squares. This latter term will be referred to as the second

moment arm. This term will be defined by the svmHol, ZRZ. Tt equals:

2 2
2. Pyger ~¥a * Ay ) - Bygeg - vl
N

&

As N increases, up decreases since up = ﬁE:l:l— and tne second
mement arm also decreases. Therefore, as N becomes Very large, 0,2
approaches °r2 which is tc be expected.

D. Implication of the Shifted Variance

Before examining the treatment of more than one variate being

shifted, it is worthwhile to consider the geometric implication for the
second moment arm

2
;2. Fngn ¥a t Mg - Ky_541 - ¥a
2

N

)2

In this discussion, let the data sample Xy_j.; be located at the edge
of the distribution and be shifted a distanCe AN-j+1 units as indi-
cated in figure 1.

(6)

T
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- Uy -—-—’J l’"xN-j+1-ua ] .
N R

FIGURE 1. GEOMETRIC INTERPRETATION OF THE SHIFTED VARIANCE

The first term of ZN2 is equal to the square of the distance
of the shifted variate of Xy-ji+1 from the edge of the density function
out to a distance Ag-j+) units, minus the value of the altered mean pg;
that is, a distance o% (XN-j+1-Ba + AN-j+1) units. The second term is equal to
the square of the distance from the edge of the distribution XN-j+1,
minus the distance of the altered mean uy; that is, a distance of
(Xn.g +1 - uy) units. As observed, both of these distances are independent
of the origin.

The moment axm associated with the shift of the variate for
the higher order moments becomes:
n

N"j+1 - ua + AN_J-+1) - (xNj+1 - ua) : 1,
N

n W

N

Z

The details of the development for this expression are left
for appendix A. This particular term Z} is dominant in the computation

of the higher order moments. As the order of the moments increases, the
shift of the distance AN-j+1 units from the edge of the density function

causes the moment arm to increase also.

Another term that is important for this -analysis will be
referred to as the second moment constant. It is based on the shifted
variance equation, oaz.




NADC-SD-7143

2 . 2
2 2 2 (e ~¥a * Avge)) - Baga ¥ ) .
G, =0 Fu ¥ M
2 T N
or 2 2
> 2 2 2 ST ) g ®ga T )t Avga m ST R
a T N

Remembering that the shift of the mean is

e,

uA a T

The second wmoment censtant, M-, will he defined to equal
2 2 2

o " .
M. = 2 L A _ Xy ip = B, * fﬂ:lil. (9)
2 -jrl e 2
'Y

Again, if Xy-j4+] is at the edge of a densi*y function and shifted out

to a distance of Ay :,; units, then the sec™nd moment constant M2 will

be the distance from the altered mean out t¢ the distance halfway

between the edge of the distribution and the transient. If the shift of
the distance is inside the density function, then Ay_j.1 will be negative.
Mathematically, this second moment constant, Mj, représents a distance
describing a shift of a variate that can be inside or outside the

density function and it equals the differences of computed statistics.

E. Treatment of More Than One Data Observation

This section discusses what happens to the altered mean
expression, ny, and the shifted variance equation, ¢,°, when more than
one observation has been displaced. The general expression for the
altered mean equation will be developed. However, the analysis considers
three observations being displaced in the discussion of the shifted
variance équation. It should be understood that this development can
apply in general to many observations.

As shown by equation (3), the altered mean, p,, equals

Ha = by * Ba (3
or
N, = 1
a T
N
7




NADC-SD-7143

where ) AN-'+1

H
A N

However, if there were many observations being displaced, then

- AN-j+1 + AN-j+2 Foeeo ¥ AN-j+Ne

B
A N
Ne
z Ay
- i=N-j+m

N

where m is a running index from 1 to Ne and MNe is the
number of data points being displaced

Let A, be defined as an ampiitude that will replace the effect
of the displacement of many observations. It equals

1 e
Ae = N z Ai
e i=N-jm
Now, up will equal
Ne Ae
Mp = (10j
N

and A, will be referred to as an effective amplitude. It will be deter-
mined by the use of the differences of the higher order moments. The
value of Ng is determined by the knowledge of pp which is equal to the
difference between the aitered mean and the referenced mean., Therefore, Ne
is defined as the effective number of data points that are associated
with the shift of the mean up, or the number of data points that
significantly contribute to the difference between moments of similar
statistics.

The modification of the shifted variance equation for the
displacement of three observations will be developed by first referring
to_equation (S). It should be observed that the reference variance,

Urz, and the shift of the mean, up, will not be modified when considering the
shift of more than cne data point. The moment arm expression is the

term that will have to be modified and the form used (page 5, second term of
equation (6)) in this discussion is:

- A e e

-——
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2
2 Ay Ay o341
Zy' = =L Oy g - wy ¢ S

N

. As discussed earlier, the expression in the bracket, Xy_: - M, +fH:%il
geometrically represents a measured distance halfway between the variate
before being shifted and to the distance of the transient. If there were

- several observations shifted approximately A units, then with each
observation, there would be ar associated distance shift of the second
moment arxm. Since considerations are now given to data with more
than one variate being chifted, it is worthwhile to consider ancther
term to be defined as Xg, the effective distance. It is equal to
the average value beiore the shifting of all variates that are shifted.
The techniques to be developecd are the approximate value of the effec-
tive amplitude, Ag, that is related to the shift, and the associated
number of data points, Ne, associated with the shift.

The modification of the second moment arm, ZNZ, due to the
3 £ £, ~3 1
shift of few variates that were caused by amplitudes, AN-j+1’ AN-j+2’
and AN-j+3’ is shown below:

2 - -
ZN = AN +1 [ N_j+' ua + M] (12)
N 2
24 . .
Pa-jez . =T -j+3 o s,
N Kyjea~ Mot —7 ] N KNejes Mot — 70

The terms in the brackets of the expression for ZN2 are also
associated with distances that are shown below in figure 2.

>

» I‘— Xe‘“a""z'?' —..{

XN - + AN +1 % % i A-08 )(
— My gl -j+1 Ha —-—-ZL- -.-: | |
Ay s,
"-_ N_j+2'ua + N-Z! G 2 '—q |
|"'—' . ]
N-j+37a * fﬂ:%ié

FIGURE 2. GEOMETRIC INTERPRETATION OF THE SHIFTED VARIATE
FOR MORE THAN ONE VARIATE

9
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The technique developed in this section shows how to solve for
an average or an 2ffective amplitude, Ae. Once Ag is known, Ne can be
computed by the knowiedge ofu . The additional term, Xg, can also be
evaluated. This distance X will normally be within the density fumction.
Figure 2 also shows the relative location of Xe as well as Ag/2.

Since this computation considers an effective amplitude, Ag,
and an effective distance, X,, errors resulting from the approximation
exist in the analysis. However in the case of a transient, where the
shifts are large, the approximation error should be very small.

In order to solve for the terms X and Ae, they have to be
introduced within the brackets of equation (12). This can be accom-
plished by setting each bracket term plus a differential equal to
(Xe-ua+Ae/2) as shown below.

A A, .
_ ey _ - N-j+1 170
[Xe ua + ) ] = [XN-j'i'l ua + 2 ] + 6N—j+1 (13)
_ e N2
= Xy je2 "2 * =277 *+ 8y 549

B, Pje 3
fXN~j+3 ny * 5 ﬁ + 6N-j+3

The differential term will adjust the X's and the A's to be equal to Xg
and Ag, respectively. Thus, introducing an error into the bracket terms,
and rewriting equation (12), we obtain:

28, - A 28 A
2 _ AN-1+1 e -j+2 _ e
oy =y emvary - Syl t [Xe - v, + 7 - Sy j02] (149
28, . A
N3 ey & .
* [Xe ) 6N-j+3]

N

C2Whgen A2 P geE) A
= [Xe Ua"'Z]
N

-2
K Ayoger SN-je1 * PNojez Snojez ¥ Anoges Snojed)

10
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Since

_Ne Ao Ayger Myt Avoges
N N

equation (12) becomes:

2 WAy e MNojen ONoge1 * Augaz ONoje2 * Puojes Syojes-
Zy =y [Xem g+ 5 - : : jas)
' - Moje1 * Ancien ¥ Pysjes
where the §'s can be both positive and negative values. The errors for
the second moment arm should be very small and therefore are ignored.
The second moment constant in the case of several shifts would
be equal to:
2_,2_,.2 -
My = 2 X i N ‘e (16)
2 Zu € a~ 3

A
Thus, there is one equatior with two unknowns.

In order to solve for X, and Ap, additional equations are
needed. They are found by introducing a shift of a variate into the
higher order moment equations. The third and fourth higher order shifted
moment equations are developed in appendix B and are given below.

The third moment shift equation:

= - 2_,3 3
Mzg = Mgy = WMATpS - g7+ Iy an
The fourth moment shift equation:
= - 242 4 4
Mgg = Mgp " AMp Mzp *6MpT 0T+t Ty (18)

and
n Ne n n
ZN = N [(Xe - Hg * Ae) - (Xe - ]Ja) ]

As mentioned above, the approximation errors in the above equations are
considered negligible. The subscripts (a) and (r) refer to the altered
distribution and the reference distribution, respectively.

The third and fourth moment constants, which are developed in
appendix B, are given below. The third moment constant, neglecting the
approximation error,

11
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U = Mo+ 3u, 0.2+ 3,3 A A
3a 3r Ar A 1. e
M3 = p = (Xg - ny + 5292 + 3‘(5—92 (19)
3uA . .

For the fourth moment constant,

W, - u, *4u, ue - 61,2 0 2 -t
M4 - 4a 4r A "3r AT A (20)
,.4uA .

A A A
= (e - Mz + 39 [(Ke - ua + 592 + I

Thus, two more moment constants relating Xe and Ag exist.
It is observed that since two unknowns exist, there are more equations
than ne2ded. Indications are that the higher the order of the moment
constants used, the more accurate the answer for Xe and Ag.

F. Solutions for the Differences

Solving for X,. A, and Ng using the constants M, and M3, the
secord moment constant becomes
2 _ 2 _
¥4, = ’a °r ‘A =X + éﬁ
‘2- -e-ua 2

For the third moment constant:’

- 2 3
Mg = Mgy * 3y 07 * iy

A, 2 A 2
: e 1 Ae
M; = : =Xe-ug+357) +3G)
Ha
Mg = (M )2+-1-(f\£)2 .
3T Vi 3 2
Solving for A, .
Ag = V12(M3 - My%)
Hence,
A
- N¥a - _ &
Ne Ao and Xg = M2 + Yy 5

where Ne is the associated number of samples and Xe = the relative position
of the variate before the amplitude of Ag units is added to the data.

12
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Solving for A, using My, Mz and My
- - 2452
Yaa = Var * 4"A Uzp 6"A i Hp

r
4y

L

My =
A

A A A
Ke -1y + 79 [(e - uy + 592 + 2]

However, the bracket term is:
A A A A A
. fley . e e 1 e 2 e
[Xe - ua # 792 + 5971 = [(e - 12 + 392 + 3 6?2 + £ D2

- 2 Ae,
=Mtz D

The fourth moment constant equals

A A
e,. 2 e
M4 = (Xe ]Ja + 2—)[“3 + g (-i—)?']

A
My M3 + £ D2

Solving again for Ae,

Ae = Y6 (Ma/My - Mz)

It is observed that Mg, Mz, and M2 are functions of *he
difference of the computed moments and are not dependent on absolute
measured values. Both Ag and Ne¢ are dependent on the moment constants
and independent of absolute values. They are the common factors that
interrelate two similar sets of statistics. Therefore, they identify
the difference between two overlapping density functions. These
ingredients that describe the differences can be an aid in the analysis
of time varying statistical data such as ocean ambient noise.

13

e




%aDC-S9-7143 .

IV. Comcivsioas of the Analysis - . -

Tecaa.qm developed from this analys1s yield a new tool that
extracts the differences between tic sets of similar statistics. The
exzraction will bo the dispiacement (A.) that will replace the effect
of a2 shift of Sevarsl observations. and the number of observations
(M=). Tkese two gueatities reflect the changes that alter statistics
that zre melsured from one time iaterval to the next. The analysis:
modais the occurrence of these effects even if they .are deeply ‘ ”
inbadded in the temporal ocean azbient mnoise data. The important
Fezture of this tool is that the gross changes in the data can be
Temoved Wi hwf the necessity of examining every data sample.

Cemsider the situaticn of ocean albient noise levels being
nonritored by the field of soncbuays. If a target traverses this field,
The time varyizg averaeges of the ambient noise levels may mask informa-
tion reizting to its presence. However, the changing means, variances,
znd some of the differences of the higher order moments will refiect
the auber of data samples, Np, that vary in time throughout the field.
Possible target presence can be indicated by an increasing value of Ne
Telxtive to the data ¢f the other buoys. If a transient were present,
the valee of Ap woold ircrease. These Geasurements are dependent on the
relative changes of moments and not the absolute value of highly cali-
brated buoys at each position in the field. Therefore, the use of this
matkematical technique affords a conceatual approach for the detection
of szbmarime targets. .

The tool can be used iu aiding the analysis of temporal fluctuations
associated with ocezn zmbient noise data. A by-product of this amalysis
vields interrelations of moments betveen similar density functions.
Therafore, the tool czn aid in measuring “ie departures of time varying
statistics. -

N\
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APPENDIX A

THE SHIFTED HIGHER ORDER MOMENTS

. ) In the deveiopment of equation (7), the shifted variance equation
. is expressed as

P . ) 2 _ 2 2 2
¢ ’ P N Ly (7

It is observed that 0,2 is a function of the reference variance, a term
~ due to the shift of the mean and the moment arm. It will also be shown
that the higher order moment cquations will have the same form.

In order to simplify the development of the higher order moment
equations, the Kronecker deita will be introduced into this section of
the paper. This term has the following properties.

1 i=N-j
i# N-j
Now, let the variate Xj be equal to
X; =Xi + si,N'-j”AN-j
Hence, when the summation of Xj from i to N is performed, the amplitude of
A units that causes the shift in variate will only have a value when
i = N-j.

Develqﬁment of the Shifted Third Moment Equation

Remembering that ua = nr + pp and starting with the third moment

equation .
; . N X ) N .
» usa = ﬁ? (Xi'ua)a = ﬁ-f.: (Xi-l- Gi 9N°j AN-j - ur_uA)3 (A—l)
1 i
. . Let z2j = Xi-ur-uA and yi = Xi-vp

Now consider the third moment expression when i=N-j, then

1 1 3
u =3 (2 * Ay_s)
Sal sy TN N3 T NS

. 1 ]
= L 43 2 2 1, a3
R RS F R Bl SR ST

I (G M S 2’ Sl
N 'N_j ur uA AN_J'( N‘j-ur-uA) + SAN_j (XN_j"ur’uA) + AN-j]

A-1
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The ter:m associated with the moment arm will be

1
ZNS * ¥ [3AN-j (XN_j-ua)Z + 3Aﬁ_j [XN_j-ua) + A}%‘j] (A-2)

Adding and subtracting yields (XN-j - na)3

3.1 .
2% = § [y 573 + Sy 5Oty o-n)? + SAT 04y o) (a-3)

Ay - By e

By g B TN
N

Thus, the third momeat expression when i = N-j is

=X x .y -3 3
aal, . T Kyt oy
1=N-j

= - 3
- N CYi- ua‘) + ZN
u

Now, consider the expression cf ug, with the amplitude Ay . term being
removed from the summation

1 N 3 3
usa = N" § [Yi"uA) + ZN
N 3u, N 3u, N Nu,3
21 A A __A 3
=NEY:T W KR iR £ N Zy
3 1 1l
- 2 3 2 3
= Mgy - 3y 07 -t Iy

The summation of

. L N
NEvi=gl Ky =0
1 1l

A-2
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Therefore, the third moment equation due to a shift in the variate by
A units is

= - 2 _ 3 3 -
u3a u3r 3uA 0r uA * ZN (A-4)

Considering the case when more than gne variate has been shifted but
ignoring the approximation errors, Zj becomes

N
ZN3 = NE [(Xe - My Ae)s - Xe - Ha)3] (A-5)

Development of the Shifted Fourth Moment Equation

Starting with the moment equaticn

LV P

2| =
et 2

N
1
Ki-ua)® = ﬁg (Ki-ur-uprdy s Ay )"

but first by just considering the term, n 4a’ when i = N-j, we obtain

L 3 2 2 3 L
(x5 * Moy g ¥ SRy TNyt Mg Ay ANy

2|t

The moment arm part of the expression is

y _ 1 3 ‘ 2 3 4

S S I T R R TR

=L ou 3 2 2 ¥ _ b

= § (zN_j + 4A zN-j + gA zN-j + 4A ZN-j + A zN-j)

b o_ b
ey AT - Ay
N
TRy - W +AN.)‘*-(x,-u)‘*
- a - N~ N =

ZNI* = - L J 2 zN-j xN-j’ua (A-6)

N

A-3
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Considering the case vhen more than one variate has been shifted but

ignoring the approximation errors for ZN“

N
qu = ﬁf-[(xe - uy + Ae)“ - Ke - pa)"] {(A-7)

Thus, the fourth moment expression when i - N-j becomes

21 - _ 4 i
Mgal, =x Ky - -+ Zy

i-N-j

z

=1 4 4
=x g -wd7 + oy

Now, consider the expansion of LY with the amplitude Abbj not being
considered in the summation

1 N A y
u4a=-N-§ (s - w)d? + 2y
3 4
N 4p, N 6u,2 N 4y, N Np
=1 y __A 3 A 2 _ _A 2 A 4
NIV R EYiT AR OV -w iYLttty
1 1 1 1
_ _ L2 L2 4 4 -
Y4a = VYar 4uA Bap ¥ 6LA O T hp ZN (A-8)
The term
N L N
Ey; =L Gioug) =0

1

ot

As can be seen in this development, the expression for the nth order
moment of the shifted variate is

1
N .
i

una

A-4

(yi—uA)n + ZNn; where y; = Xj-ur (A-Qj
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APPENDIX B

THE MOMENT CONSTANTS

The third moment constant will be developed by rewriting
equation (A-4) and ignoring the approximation
N
. e
1133 - 113.,. + 3IJA Urz + UAS = _ﬁ [(xe - Na + Ae)s' (xe = Ua)3] (B"l)

N
e
Mg, = wgn * 3y, 02+, 3 == [BAe(Xe - ua)? + AZ(Xe - ua) + Ae’]
I, A, Ae2
= N [(Xe = lla)?‘ + Ae(xe - Ua) + —3—]
N_A A, A2 AZ
e e e e [
i e wlhi &
3N A A
- 2 3. ¢ - &2 .1 e
Mgy = Mgy * 3y 0.5+ % = —— [(Ke -4y + 79° + 37 (397
The third moment constant becomes
U - Moo #3u, 0.2 +u,3 A
_ 3a 3r Ar A _ &2 1 en
Mg = 3NAN = Xe -~wa+ 79° + 3 (37
NeAe
But A = R and
U, - Uy + 34, 6.2 + 1,3 A
_ " 3a 3r Ar A _ &2 . 1 e
Mg = CT = Kg - uy v 5%+ 3 (30

The fourth moment constant will be developed by rewriting
equation {A-7) and ignoring the approximation

B-1
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" .
2t = 55 (e - 1 + Ae)* - (Xe - 1)"]

N
= 5= [4Ae(Xe - 1a)3 + 642 (Xe - na)2+ 4Re? (Ke - ua) + AcY]

= 35‘%'2 [(Xe - ug)3 + %Ae(xe - ¥a)? + AgZ (Xe - ua) + '{3—31 . ’
= 4N§Ae [(Xe - ua)3 + 3(-:~e-) (Xe - ug)? + 3(?)2 Xe - ua)
+%:-ﬁ:—3-+ ;A-e; (Xe - ua) %A—Zf‘]

Rewriting equaticn (A-8) and substituting equation (B-3) into it yields

) c6u2G2-ylt=
Mag " Map * g Mg Byt 0t -y

4N A, A A

) e ‘Ae e 2
N Ko - vyt 3 (K-, #3579 + D]

Dividing both sides of the equation by 4NeAe/N, the fourth moment constant is
obtained. ,

) S 6n2 g2 -yt
Maa = Map * HHp Bap - O 00 -y

M= B-4
4 4 NgAe/N -
A A2 A 2 .
= (g -yt [y m v D)+ D ] '

B-2

—— e e e e
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But NeAe/N = yp and

- . - 2 2 _ 4
M. = T R U i W YA
. 4 ’ 4y
et A
A A o A, o
= - - - & 2
- - (xe . 118 + 2 ) [(xe lla + 2 ) + (2 ) ]

Referring to equation (A-2) the nth moment constant becomes

» n
]l—-zZ(‘-H) n
Wo- oW W o

'l'n.lA Tl].!A

B-3

(B-5)




